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■ Abstract. Using the fiber bundle concept developed in geometry and topology, the 
fractionally quantized Hall conductivity is discussed in the relevant many-particle 
configuration space. Electron-magnetic field and electron-electron interactions un- 
der FQHE conditions are treated as functional connections over the torus, the torus 
being the underlying two-dimensional manifold. Relations to the (2+1) -dimensional 



Chern-Simons theory are indicated. The conductivity being a topological invariant 
is given as ^- times a linking number which is the quotient of the winding numbers 
of the self-consistent field and the magnetic field, respectively. Odd denominators 
are explained by the two spin structures which have been considered for the FQHE 
e$ • correlated electron system. 
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1 Introduction 

The quantum Hall effect (QHE) is a macroscopic quantum phenomenon that ap- 
pears in quasi-two dimensional electron systems in a strong magnetic field at very 
low temperatures |L[ 0, [|. This phenomenon shows a certain universality, which 
means that in definite limits the QHE is generally independent of the material and 
geometry of the sample. In experiment, high charge mobility and disorder (the 
random background potential) must be optimized, in order to get well structured 
spectra of the non-diagonal and diagonal resistivities p xy and p xx , respectively. De- 
pending on the ratio between the 2d-electron concentration J\f s and magnetic flux 
density B, the relevant Landau level filling factor observed in plateaus 

which form quantized series v — | where p and q are integers and q is an odd 
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number. 

The integer quantum Hall effect (IQHE) can be explained within the one-electron 
picture. In this picture, Landau energy levels, which are broadened by disorder, 
are successively filled with electrons. An understanding of the fractional quantum 
Hall effect (FQHE), on the other hand, must take electron correlation into account. 
Because there is no small parameter in the considered problem one cannot use 
any standard methods of perturbation theory. Following the concept of quantum 
interference of charges or magnetic fluxes (vortices) on mesoscopic length scales, one 
looks for a suitable mathematical description of the strongly correlated system. 

A very fruitful approach to FQHE theory has already been given in 1983 by 
Laughlin who introduced a many-particle trial wave function which describes elec- 
tron correlation by including only degenerate states of the lowest, spin-polarized 
Landau level j|. In 1989 Jain generalized the Laughlin incompressible quantum 
liquid state to a construction including higher Landau level states, giving rise to 
the so-called composite fermion picture of the FQHE ||. However, many aspects of 
the formation and interaction of these new quasi-particles have remained unclear up 
to now. In the present paper we are going to discuss the dynamics of the relevant 
correlated system by using topological methods. In doing this, we hope to illustrate 
some fundamental features of the behaviour of interacting 2d-electrons in a strong 
magnetic field. 

The paper is organized as follows. In section 2 we discuss the relation between the 
degenerate one-electron states in a magnetic field and the flux quantization which 
is generally a topological property of the system. Here the electron spin has been 
considered as done by Semenoff and Sodano in 1986 ||. Section 3 deals with the 
appropriate description of the dynamic electron-electron interaction as a functional 
connection in a bundle of Hilbert spaces. Here we confirm new results of Flohr and 
Varnhagen concerning Wi+oo symmetry of the FQHE system J7j. In section 4 we 
extend the topological treatment of electron correlation to a second spin structure. 
A corresponding discussion recently given in a paper of Asselmeyer and HeB may 
explain the odd numbered denominators of fractional filling factors in more detail 
||. In section 5 the fractional Hall conductivity is calculated as the current- current 
correlator by means of (i) the adiabatic curvature and (ii) a generating functional in 
(2+l)-dimensional field theory. Doing this we hope to give a certain foundation for 
the composite fermion picture mentioned above. A summary and related conclusions 
are given in section 6. 

2 Two-dimensional electrons and flux quanta 

As it is well known, the stationary Schrodinger equation for a 2d-electron in a 
magnetic field B = (0, 0, B) can be exactly solved. In the case of an asymmetric 
gauge for the vector potential A = {—By, 0, 0) and periodic boundary conditions in 
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the x-direction one finds the following Landau states 



* Nkx (x,y) = C N e~^°) H N i^—^-) e ih * x (1) 

where Cat is a renormalization factor, Hn denotes the Hermitian polynomials, Iq — 

C^j 2 is the magnetic length, and yo = l\k x is the y-coordinate of the classical centre 
of cyclotron motion, which does not commute with the corresponding coordinate Xq. 
The eigenenergies are those of the harmonic oscillator, depend only on the Landau 
quantum number N, and are degenerate with respect to the quasi momentum hk x . 
Because no periodic gauge potential exists, one has to couple translation with gauge 
transformation in order to fulfill the periodic boundary condition also in y-direction, 
i.e. 

* Nka {x,y) -^V Nkx (x,y) =e^ B y L ^ Nkx (x } y) (2) 
with a y-dependent phase factor. The periodicity condition is now 

j;BL x L y = 2ir>y 7 = 1,2,... e% (3) 

and 7 = denotes the degree of degeneracy for each Landau level with respect 
to the plane L x L y . That means that every Landau level accommodates 7 electron 
states. For a total electron number N e , the filling factor is v = the number of 
occupied Landau levels. 

From a more mathematical point of view, two remarks concerning periodic 
boundary conditions should be of interest. First, equations (§) and (j3|) are anal- 
ogous to the problem of Hofstadter ||, who considered the behaviour of magnetic 
field dependent wave functions and eigenenergies on a strongly periodic lattice of 
atomic spacing. Our case, on the contrary, is characterized by the larger periodic- 
ity lengths L x ,L y . Second, fulfilling periodic boundary conditions for a rectangular 
plane L x L y is equivalent to changing the underlying manifold from IR 2 to the torus 
T 2 , which is twice connected. 

In the case of a symmetric gauge A = |[S x f] and an exponential decay of the 
wave function in radial direction, one has electron states of the form 



#nm(r) = -Rnmtr)-^^ . (4) 

tQ V 27T 



In the dimensionless variable £ = | \ £ ) the radial functions are given by 
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(n + |m|)! 



e -^¥ L H(0 , (5) 



(0 being the Laguerre polynomials. The Landau levels depend on the main 
quantum number N = n+\{\m\+m) , n — 0, 1, 2, . . . ; where m = — oo, . . . , 0, . . . , N 
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now expresses degeneracy of the infinite quantum system with respect to the angular 
momentum hm. For the finite 2d-system one finds a finite degree of degeneracy 7 
for each Landau level in the case of eigenstates @j as well. To explain this one has 
to consider Berry's phase [10]. 

Under QHE conditions, the electric Hall field E = (0,E,0), together with the 
magnetic field B = (0, 0, B), drives the guiding center of the electron with an average 
velocity < v > = (v,0,0). But the real microscopic charge transfer, which may 
be illustrated by an adiabatically moved vortex, is rather complicated. It can be 
characterized by Berrys phase, which describes here the coupling between rotational 
and translational movements of the electron. 

Starting from the Hamiltonian H(f,R(t)), which contains the fast variable f 
coupled with a slow parameter R(t) (the guiding center), one uses a wave function 
for the time evolution 

*(t) = Y,an{t)\n{R(t))> , (6) 

n 

where \n(R(t)) > denotes the complete set of eigenfunctions of the so-called snapshot 
Schrodinger equation corresponding to the discrete spectrum E n (R(t)). Transitions 
between the states \n > may be neglected. One then finds for the time dependent 
coefficients in (§): 

. t t 
a n (t) = exp(-^ j E n {R(t'))dt') exp(* J D n (R(t'))dt') (7) 


where the dynamic and geometric phases are in the two exponential terms of (0). 
Here 

D n (R(t'))dt' = 1 < n(R(t'))\-^\n(R(t')) > dt' 

= i < n{R)\V a\n(R) > dR \ = D n (R)dR (8) 

is a 1-form over the /^-parameter space. The matrix element in (^) transforms as a 
vector potential, i.e. for a phase transformation such as 

I n > — > \n >= e ia \n > (9) 

the equation 

D' n = D n - V« . (10) 

holds. For an arbitrary closed path in the parameter space R(T) = R(0), the Berry 
phase 

6? op = f D n (R)dR (11) 

is, in general, a topological invariant .[] 

1 An analogous consideration holds also for unitary transformations. 
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Here we notice that a Berry phase unequal to zero is only expected if the pa- 
rameter space has a nontrivial topological structure, i. e. it must be a multiply 
connected space. In the language of fiber bundles the fibers are Hilbert spaces on 
the parameter space which is in our case a 2d-manifold. The 1-form transforms as 
a connection in a fiber bundle over the parameter space. This corresponds to an 
Abelian gauge field with {/(l)-symmetry.Q 

Identifying \n(R) > \^_ with the states in @ one sees that the wave function at 
R' is generated from the wave function at R by the following gauge transformation 

* n (r - R) — > * n (r - #) = exp(-- y A(R")dR") V n (r - R) (12) 



and that the topological phase (11 ) is given by 



' / I//'/ . (13) 

This expression corresponds to the quantum interference condition for an electron 
moving around a magnetic flux $, or in other words the Aharonov-Bohm effect. 
Introducing the flux quantum $ = \ , one finds 

= 2vr^ = 2tt 7 (14) 

which is the equation (|3]). This shows that the degree 7 of degeneracy for Landau 
levels in the finite plane L x L y is equal to the number of flux quanta in this plane, 
where the filling factor expresses the ratio of the numbers of electrons and fluxes. In 
such a picture for the IQHE the relevant quasiparticles are composed of an integer 
number of charges which successively occupy Landau levels and carry together one 

flux quantum according to v = — = 1, 2, 

In addition to the orbital motion of electrons under QHE conditions, one has to 
consider the coupling between the spin and the magnetic field as described by the 
Pauli Hamiltonian 

H r = (mY- im - eA ? + {m)t- s < 15 > 

where B = V x A and (3 = (0, 0, ±1) denotes the spin direction. For the 2d-electron 
there is a representation of ( |T5] ) as square of the Dirac operator M 

Hp = —Hi (16) 
2M D K J 

2 In case of degeneration of states |n, k > the 1-form is matrix valued D„ k (R)dR — i < 
n,k\Vfi\n,k' > dR and one has a non-abelian gauge field of the symmetry U(S) in a subspace 
of the dimension S. 
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with 



H D = (iM-V + eff-X)= ( i (17) 



and a is the vector of Pauli spin matrices. Here we choose the asymmetric gauge 
A = (—By, 0, 0) and the torus T 2 as the underlying manifold. A direct calculation 
of the spectrum of the operator in (|TT| ) shows that dimker^ 4 " = 0, or in other words, 
that the ground state is spin-polarized. The result obtained with the Atiyah-Singer 
index theorem is given by 

dimkerifp = dimker$ = / Bd f= — = 7 . (18) 

27m J $n 

This means that the one-particle ground state including spin has the degeneracy 7 
which is equal to the number of flux quanta. According to the well known expression 
for the one-particle energy 

E nm/3 = hu c [n+-(\m\+m) + ^+l3^] (19) 

the ground state energy is -E^m,-! = for m = —7, . . . ,0; u c = j^. 



3 Many— particle picture of the FQHE 

For the case of FQHE we will consider a time-dependent 2d-configuration {Ri(t)} 
of the guiding centers of N e electrons on a positively charged background. Each 
electron carries its own Hilbert space represented by the wave functions given in (|J) 
and completed by the two spin states. Just as in section 2 the underlying manifold 
for one-particle states is the torus T 2 . 

The many-particle wave functions in the corresponding Fock space have to be 
antisymmetric with respect to all coordinates and all spins Si of the electrons. In 
principle there are two ways to find these states. The first is to solve the many- 
particle problem exactly, including all interactions, which is impossible. The second 
method is to choose the decomposition of the many-particle problem by consider- 
ing a product of one-particle wave functions and encoding the interactions in the 
geometric structure of the underlying manifold. 

The first method came about when Laughlin approached the many-particle state 
intuitively. He wrote down a trial wave function to produce filling factors v = — , 
m = l,3,5... §: 

Xi = II - ZkT-'xi (20) 

m 

<J<*>) 

with 

Xi = U (zj - z k )exp(--J2\zi\ 2 ) • (21) 

j,k i=l 

CKfc) 
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The many particle state in contains m fluxes per electron. The electron positions 
are denoted by dimensionless (in units of Iq) complex variables Zj = Xj + ir/j. This 
wave function is antisymmetric in the coordinate part but symmetric with respect to 
the spin i.e. all electrons are spin-polarized. Later, Jain showed that the construction 
of other filling factors v — 2 is possible if higher Landau levels are included in the 
correlated electron state || 

Xv = II (zj - z k ) m -\ p . (22) 

(?<*) 

Here Xpi p = 1, 2, 3, ... is for p > 1 an unknown antisymmetric function describing 
the p-th IQHE state. For the p-th Landau level ^ fluxes per electron are realized. 
In generalizing from (p0| ) to (|22]) , one has to add the even number of (m — 1) fluxes 
to find ~ = i + (m — 1). The fractional filling factor is then found to beQ 

v = ^ . (23) 

(m-l)p+l 

Indeed for semiconductors, with an effective electron mass M* < M and a dielectric 
constant e > 1, the comparison of the distance hu c between Landau levels with the 

2 

characteristic Coulomb energy 4n l d , for realistic magnetic fields B ~ 10T, indicates 
that Landau level mixing cannot in general be neglected for understanding the many- 
particle state. Furthermore, if we consider the one-particle problem including spin, 
it follows from ([19]) that a change in spin leads to higher Landau levels, so that the 
ground state energy with spin | is equal to the energy of the first Landau level with 
spin — |. 

In the following we will employ the second method to acquire a topological 
many-particle description of the FQHE states. We start with the one-particle pic- 
ture given in the previous section. The electron configuration {Ri(t)} forms the 
underlying manifold. The geometry and topology of this manifold are changed with 
respect to the interaction of particles. This change restricts the number of possible 
wave functions. Only wave functions with specific zeros or nodes are allowed. The 
mathematical way to express this idea is given by the theory of fiber bundles. 

We consider a complex line bundle L over T 2 with trivialisation (f/j,0j). The 
set of sections T(Ui,L) over the chart Ui forms a Hilbert space. Each one-particle 
wave function <pi is an element of T(Ui,L). That means that we are choosing a 
trivialisation with only one particle in each chart Ui and have 

T 2 = (J Ui with U. nUj^$ Vi, j . (24) 
i=i 

The interaction is encoded in the geometrical and topological properties of the tran- 
sition function gfy : Ui D Uj X C — > Ui D Uj x (D. One point in each chart describes the 

3 In order to realize all experimentally observed fractions one has to permit p — ±1,±2, . . . 
leading- to v = -, rvrrr- 
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guiding center of the particle. In the case of the torus T 2 one needs a minimum of 
4 charts to represent this manifold. Our construction holds for an arbitrary particle 
number N e > 4. The unsolved problem consists in transporting a wave function 
from one chart to another one. The transport of the wave function is described 
by the connection in the bundle. To determine this connection we construct the 
principal fiber bundle P(L) associated with the bundle L. 

There is an ambiguity in the local definition of the wave function. The physical 
interpretation of the wave function implies that it is invariant with respect to global 
phase transformations. All phase transformations form a group U(l). Therefore, 
we introduce a local phase change. A local phase change implies that there exists a 
relative phase between two particles. This local phase gives rise to the existence of a 
gauge field, which is, in the mathematical sense equivalent to the connection of the 
[/(l)-principal fiber bundle P(L) associated with L. Two principal fiber bundles over 
different spaces are equivalent (isomorphic) if there exists a continuous deformation 
(homotopy) from the one space to the other. Such a deformation does not change 
the overlap between two charts. This is the method underlying the classification 
of fiber bundles. Fortunately, the classification is complete and the corresponding 
invariants are given as polynomials of the curvature. 

In implementing the method described above, let w be a connection in P(L). 
The connections co>|^ and are restrictions of u. The relation between both 
restrictions of u is given by the gauge transformation 

u\u s = u\ui +9^ 1 dg ij (25) 

where : Ui fl Uj — > U(l) = S 1 is the transition function in P(L). All U(l)- 
principal fiber bundles over T 2 will be classified by the first Chern class c\ as an 
element of the second cohomology group H 2 (T 2 , 2%) = % [11, 12|. The expression 
of c\ is given by [ |T3f 

C\ = — du = — Q , (26) 



2tt 2tt 

i 

2^ 



/ Q, = d e % (27) 



T 2 

where Q = du is the curvature and C\ is the Chern number. Now we choose two 
regions Gi, G 2 of T 2 , where T 2 = G\ U G 2 and u\ Gl =0 0. The connection on G 2 is 
given by 

uj\ G2 =u\ Gl + g^dgu = g^dgn (28) 

with the transition function g 12 : G\ fl G 2 — > U(l). Next we consider a curve (, 
where [(] G Hi(T 2 , as shown in the figure 1. 



For our consideration here the remaining two regions of the complete decomposition of the 
torus are not needed. 
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Figure 1: Noncontractable curve £ on the torus T for two interacting particles. 

Using standard methods of cohomology theory one obtains for the integral of the 
expression fl28|) 

7^ / 9ndg 12 G Z2 (29) 

c 

which is related to the Chern number. If we choose two particles at positions Zi, Z 2 G 
(D in G\ and G2, respectively, (see picture) then it follows from the residuum theorem 
and the discussion given in that 



i f 1 , i f dZi 

s = I z^rr 1 ■ (30) 

C \Zl-Z 3 \=l 



The uniqueness of this relation follows from the uniqueness of the residuum theorem. 
The interaction term for two particles is thus determined by 

dZi 

U\G 2 = y (31) 

which leads to a shift in the complex vector potential for the i-th particle interacting 
with all other particles 

A{Z l )^A{Z l ) + -Y. V ^r ■ (32) 



This potential is similar to but different from the Coulomb potential |T5 |. Namely, 
it is a complex number with nontrivial phase, and the interaction appears now in 
covariant derivatives J7|. Furthermore, it does not contribute to the curvature or 
the magnetic field, except for Zi = Zj. 

Obviously, the wave function as a section of L was assumed to be non-degenerate. 
To generalize the situation to degenerate states we have to use a complex vector 
bundle V of rank 5 over T 2 with 5 as the degree of degeneracy. The set of sec- 
tions T(T 2 , V) are the wave functions of the degenerate problem. This bundle is 
associated with a [/(<5)-principal fiber bundle P(V) over T 2 . The connection 9 in 
P{V) is matrix-valued, where the matrix are elements of the Lie algebra of U(S). 
Fortunately, the classification does not change in principle, and we obtain 



1 

2ix 



tre = C 1 E% (33) 



T 2 
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where = d6 + 9 A 9 is the curvature. Taking the trace of reduces the problem 
from one involving the whole U(5)-growp to one involving only the [/(l)-subgroup. 
So we obtain for the degenerate case the same interaction term (|3lD as in the non- 
degenerate case. 

Additionally, we want to remember the relationship between fiber bundle theory 



and the topological phase considered in section 2. In |T6) it is shown that the 
Berry phase is generated by the connection of a universal bundle. But there is a 
local diffeomorphism which relates the Berry connection to the connection discussed 
above. So our construction makes sense and the interaction can be interpreted in 
the picture of topological phases. 



4 Consideration of two spin structures 



In the previous section the substantial interaction term (31) has been found by pure 
topological arguments. Now we will extend our consideration on the line of classi- 
fication of fiber bundles to the spin. The nontrivial topology of the relevant fiber 
bundles caused by the characteristic of the underlying manifold, is also responsible 
for the existence of different types of fermions according to the spinor form of the 
wave functions. 

These so-called "twisted spinors" were first investigated in quantum field theory 
and in particular in quantum gravity |I7|, |18[ . In 1979 Petry introduced the notion 
of "exotic spinors" in the context of superconductivity Jl9| . 



In fact, there exist as many inequivalent spinors as there are elements in the 
cohomology group i7 x (M, ^2), where M is the configuration space. This particular 
group may be used for representing the inequivalent nontrivial circles (cocycles) and 
all the allowed combinations of them. Therefore there is an additional degree of 
freedom for fermionic particles on our multiply connected space. Intuitively, one 
might visualize this new degree of freedom as something similar to a Mobius band, 
i.e. spinors may be twisted around the nontrivial circles. Classically one is inclined 
to think of these different spinors as describing different particles. In the quantum 
picture there should be a sum over all possibilities and a new partition function . 



Under some additional assumptions on the topology of M, it is possible to 



translate the different spinors into one chosen spinor frame Essentially, the 

twisted spinors behave like normal spinors after translation, the only important 
difference being that the covariant derivative acting on these spinors has to be 
changed by an additional 1-form which makes exotic spinors very interesting in the 
context of FQHE. 

The spin group in two dimensions is an Abelian group 50(2) = U(l). Spinors 
can be characterized by the way they behave under rotations. If one needs two full 
rotations to transform a particle back to the starting point, then this particle is a 
fermion with spin |. In more than two dimensions this property is connected with 
the universal covering Spin(n) of SO(n), for n > 2. Because 7Ti(50(n)) = /Z 2 , we 
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obtain a 2-to-l mapping between Spin(n) and SO^.f] In the following we construct 
such a 2-to-l mapping for the two-dimensional situation 

/: C — > C 



v2 



(34) 



Furthermore, we consider the tangential bundle TM of a Riemannian manifold M 
and try to construct the bundle splitting TM = S Such splitting exists if 
the second Stiefel-Whitney class it^M) G H 2 (M, Z2) vanishes, which is always 
the case in two dimensions. The splitting can be compared to the quadratic map 
/ described by (|3"1|) . Sections of the complex line bundle S are spinors. Now we 
ask: How many splittings of the type TM = S <8> S do exist? The answer is : the 
existence is given by the H 2 (M, /Z 2 ) and the dimension of H (M, /Z 2 ) determines 
the number of splittings Every splitting corresponds to another spin structure, 
which means that the H 1 (M,Z 2 ) -group measures the different spin structures. 

In section 3 we constructed the interaction term fl3~l|). This term produces a sin- 
gularity in the sense that every particle sees the other particle as a hole and two par- 
ticles produce two holes 0]. Therefore, the topology of T 2 changes to T 2 \{Z±, Z 2 } 



with Z\,Zi as removed points. This produces two generators in H±(M, 2Z). If we 
count all possibilities, four different cases are obtained. 

Now we will investigate the relationship between two spinors in different spin 



structures. Fortunately, this relationship is calculated in [I5| for 3 + 1 dimensions, 
which can be generalized to all other dimensions^ The covariant derivative Vy of 
exotic spinors ip e in the direction of a vector field Y is given by 

V^ e = Vy^ e - ~ [i{Y) X- 1 d A ] i) e (35) 

where Vy is the usual spin connection and 1 denotes the contraction of a 1-form with 
the given vector field. Note the factor | in formula (|35|), which is a consequence of 
the mathematics. In fl35p, the 1-form A -1 d A with A : M — > U(l) is closed but not 
exact. It is chosen in such a way that it represents the particular nontrivial element 
in the above mentioned cohomology group responsible for its existence. Therefore 
the integral over circles of the 1-form ^- A -1 d A in the configuration space takes only 
values 1 or depending on whether the circle can be deformed to the particular 
non-contractible circle or not. Let ( be a curve surrounding a hole induced by the 
interaction term, i.e. [(} G H\(M, Z). Then it follows that 

— /VMA = 1 G Z 2 . (36) 

C 

Considering the two-particle interaction corresponding to ([31]), we have to remove 
two points from the configuration space. However, for further topological consid- 
erations it is better to remove a little disk instead of a point to achieve a compact 

5 A 2-to-l map is a map with kernel /%2- 

6 The Riemannian manifold is a two-dimensional, connected, open manifold. 
7 There is only one restriction: the H\{M, Z) does not have any 2-torsion. 



11 



configuration space M again. Therefore, two new generators of H 1 (M, Z2) appear 
in correspondence to the number of removed disks. Since the translation proce- 
dure follows the group law of if 1 (M, 2Z 2 ) > we get "classically" three types of exotic 
spinors with additional 1-forms: |A _1 dA , |a~ 1 da and | (A _1 dA + a -1 da). 



Due to (|3q) , the derivative in in the Hamiltonian fllq) is shifted for the different 
exotic spinors by the corresponding 1-form given above. Following Jl9 and [|17|| we 
interprete this 1-form as a global vector potential generated by the nontrivial topol- 
ogy, which does not contribute to the internal magnetic field (because the 1-form 
is always closed ). We stress that Stokes theorem does not apply here in the usual 
sense due to the nontrivial topology. Therefore, we define the total flux $ through 
our system as the line integral of the relevant connection along the boundary of the 
configuration space. 

$ = / A(z)dz = I A(z)dz = --q g=l,2,... (37) 



dM dD 1 UdD 2 

where dDi, dD 2 denote the boundaries of the removed disks. If we now assume that 
all different spinors (spin structures) contribute equally, then the following equations 
hold: 

= / ^-A(z)dz+ I (^-A(z)dz-—\~ l d\-—a~ 1 da) 
h J h J h 4tx 4% 

dD!UdD 2 <9DiU<9D 2 

+ j> (j-A(z)dz - ^-A-MA) + I { e rA{z)dz - ^-oT x da) 

dDi " HI),. 

= q + {q-\-\) + {q-\) + {q-\) = 4q-2 (38) 

where $ • jr is the number of flux quanta. 

Since there are two particles involved, the denominator of the filling factor v is 
given by 

lei 

d> .- = 2q - 1 ~ - . 39 
2 h v 



According to [ 22[ , it seems natural to assume that interaction is dominated by 
forming pairs; then the total flux produced is just the flux N{4q — 2) for iV = ~N e 
pairs of fermions leading again to the factor 2q — 1 in - . 

The discussed model of the topological origin of some aspects of electron-electron 
interaction should complete the usual composite fermion picture. The model also 
provides a possible explanation of the odd denominator in the filling factor. 



5 Discussion of the Hall conductivity 

In this section we want to investigate the Hall conductivity for the general case of 
an interacting electron system with a degenerate ground state. The corresponding 
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expression will be a topological invariant. First, we reproduce the "classical" result, 
i.e. the Hall conductivity as the first Chern number of an £7(l)-principal fiber bundle 
over T 2 |2|, |1. 

Let us consider the Hamiltonian h together with the eigenvalues E n , which satisfy 
the stationary Schrodinger equation 

h\n >= E n \n > , (40) 

where |n >= \n(R) > are parameter-dependent states of a two-dimensional param- 
eter space P. The topological phase is generated by the Berry connection 

d 

Umn =< m\d\n >=< m\di\n > dR l =< m\——\n > dR (41) 

oR l 

where i = 1,2. Normalization < m\n >= 5 mn yields 

u mn = -u* mn (42) 

and the curvature is given by 

Qmn — duj mn = ^ ^mk A ^kn = ~ E U rnk A UJ^n ■ (43) 

k k 

Formula fl43|) may be expressed in terms of the derivatives of the Hamiltonian h. 
Using 

< m\di(h\n >) =< m\dih\n > + < m\hdi\n > (44) 
and fl40|) , one obtains 

< rn\dih\n > . i „. 

<m\d l \n> = 1 *_ ' (45) 

<n\d l \n> = . (46) 
The diagonal part of the curvature is given by 



n 



nil 



^ < n\d\h\k X k\d2h\n > — < n\d2h\k X k\dih\n > , , ~ 
E 7^ dR A dR 2 



k+n ( E n -E k ) 2 

(47) 

The integration of expression ( $7\) gives an integer result according to formula (P7|). 

Within the concept of adiabatic transport the many-particle Hamiltonian for 
the current carrying QHE-system is 

i N e N e N e 

H = ^7 + + E V dfi - Tj) + E Vb(fi) (48) 
Am i=l i<j i 

where Pi is the canonical momentum. Here V c is the Coulomb potential and V& 
describes the random background potential, which we will ignore in the following. 
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The macroscopic flux variable $ = (<& X /L X , Q y /L y ) on the torus is used instead of a 
statistical time-dependent vector potential A(fi, t). The vector $ is connected with 
stationary currents flowing through the system, ($ x , <& y ) are dimensionless in units 
of h/e. 

The Kubo formula for calculating the non-diagonal part of the conductivity is 
given by 



ie 2 k ^ < OluJn >< nliUO > — < OltUn >< nlvJO > 



a 



TW_ _ z? ^2 v 49 -' 



L x L y n (Eq — E n ) 2 



where {7 = is the velocity operator of the center of mass of the electron 

system. Here |0 > and \n > denote the many-particle ground and excited states, 
respectively. Using the relation 

S^M (50) 

it follows that 

ie 2 ^ < °Hfi> >< jgjO > ~ < 01 j> >< n\j^\0 > 

° xy ~ n\ (Eo - E n y ■ (51) 



Comparing this expression with fl47|) , one obtains 

d$ x d$ y e 2 i e 2 
a xy^> ;r~ = -TTT^oo = t-ci (52) 

27T 27T ft 27T ft 

where Ci is the Chern class ( 2"5 ) and is proportional to the local conductivity. Inte- 
grating (|52"D yields an expression for the macroscopic Hall conductivity 

e 2 /■ e 2 



< cTxy >= -j^ J c\ = with p G X , (53) 

which is quantized. The calculation given here is only valid for a large electron 
number N e . It reflects the many-electron picture generally in the states |0 >, \n >, 
and indirectly in the flux variable $, which is always an averaged quantity. For 
g-fold degenerate ground states |0 > formula fl5"3|) must be completed by the factor 
^ producing the filling factor v = |. 

To investigate the many-particle problem, a quantum field theory calculation 
may be prefered. The conductivity is proportional to the current-current corre- 
lator, which can be expressed in terms of variational derivatives of the generating 
functional. To do this, we describe the quantum Hall states as solutions of the Dirac 
equation 

foij> = ih-f{d„ + 9^ = (54) 

where 9^ is the connection of the t/(5)-principal fiber bundle, and includes both 
the vector potential of the magnetic field and the particle-particle interaction term. 
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Next we consider the general situation of a closed connected Riemannian manifold 
M. The generating functional parametrized by the connection 9, is given by 

Z(9) = J D^D^exp(-^S[ip,^,9]) (55) 

with the action 

S[ip,^,9] = [ d 2 x$(x)$ e *P(x) . (56) 



< 3n3v > (57) 



M 



The current -current correlator can be calculated from 
1 5 2 Z _ JD^D^ 3fl j u exp(-S) _ 



ZbQHQ v f D^DiPexp(-S) 
where the ld-Dirac current is given by 

i^ = ^(l + 7 5 )# a6 M = l,2 . (58) 

Here, t a b is the generator of the Lie algebra of the U(5) group. These formulas allow 
for electron-electron interaction in the fixed gauge field 9. The correlation between 
the two currents is obviously dependent on this gauge field. The expression in (|55"D 
can be calculated by using standard methods which leads to 

Z{9) = ~(det($$,))5 . (59) 

Using the QHE condition 

< jlj2 > = < jxjy >= ~ < jyj x > (60) 

the correlator in (0) is 

where z — (ct,x) and z'(ct',y) are the coordinates on a torus T 2 . The integration 
over z, z* leads to the macroscopic formula 



« jxjy »= I d 2 zd 2 z' < j x {z)j y (2) >= h 2 tr ( ) 

/ 2 \n{ z o)j 



(62) 



Because the correlator is divergent, one has to regularize the expression in (|6l| ) by 
setting 

tr ( IN = lim tr ( — ^_ j . (63) 
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Employing the heat kernel expansion |25] the following expression is obtained 

dt dt' 



/at at 
— 7T- < 3x(t)] y (t') > (64) 
Ztt Ztt 

2 

tr (65) 



T 2 

L X Ly 



47T 2 

T 2 

where G = dd + 9 A 9 is the curvature. The remarkable fact is that the calculation 
of the correlator by use of the heat kernel expansion leads to a topological invariant 
known as Chern class. The mathematical idea consists in using the square of the 
Dirac operator instead of the Laplace operator. There is a correspondence between 
the formal solution of the heat equation and the Chern character with respect to 
a suitable superconnection given by the Dirac operator. A comparison with the 
classical Kubo formula in the beginning of this section leads to the identity 

< Oxy >= Z << jxjy » ■ (66) 

II ±J X ±Jy 

The calculation is done with respect to only one of the S degenerate states. Averaging 
over all states yields the additional factor | in (165]). Thus, we obtain for the fractional 
Hall conductivity: 

2 

6 W 

< o- xy >= —— w,5 e % (67) 

with 

w = — / tr 
2vr J 

T 2 

whereas the real part of the longitudinal conductivity vanishes. In (^) w is known as 
the winding number of the self-consistent gauge field, whereas 5 denote the winding 
number of the magnetic field. The conductivity fraction is given by the ratio of two 
winding numbers, and is a topological invariant. 

The calculation can be reduced to the case of a £/(l)-subgroup. Because of 
the diffeomorphism U(5) ~ {7(1) x SU(5), only the {7(l)-group contributes to the 
invariant^. This means that 

T 2 

where uj is the appropriate {7(l)-connection representing the {7(l)-subgroup. 

At the end of this section we want to discuss the (2+l)-dimensional interpretation 
of the Hall conductivity. Starting from the time-dependent Pauli equation 

= Hpi; = jjfiH*!/, (69) 



3 The SU(6)-group contains all traceless matrices and will be annihilated by the trace. 
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the conductivity < o xy > is now given by 

h i f , i 

■ I duo = — 
J 2i 

G C=dG 



2<°*y>=^J d " = ^ t «> ( 7 °) 



where G C T 2 is a suitable subset of the torus with non- vanishing connection and £ 
is the curve given by the picture in section 3. The conductivity, being a topological 
invariant, does not change. Therefore an extension of the formula (|5^) obtained 
from the adiabatic curvature is possible. The configuration space is now a (2 + 1)- 
dimensional manifold. We choose the Chern-Simons action over T = T 2 x S 1 as a 
simple gauge invariant where S 1 is the periodic time. The extension of the connection 
lj is denoted by the same symbol, and the action is: 

S[u] = Ti J io A du . (71) 
t 

Now we consider the expectation value 

< exp li^a xy \ >= n < exp ( 2"^ ju)>= J Duj exp (jS[uj]J JJ ex P(^: j> ^)( 72 ) 



where a denotes all curves of the particles. The value of this average is known p6 
yielding the nice result 

e 2 

< <Txy >= J* (73) 

where I is the linking number of the curves ( a . This linking may be interpreted as 
the interaction between the particles. The number I is also a fraction, in agreement 
with the calculations given above. 



6 Summary and Conclusions 

In this paper we presented a topological discussion of the quantized Hall conductiv- 
ity. Starting from the fact that the stationary one-particle problem for a 2d-electron 
in a perpendicular magnetic field has strong solutions, the many-particle correlation 
including the spin is treated by use of Berry's connection. The mathematical basis 
for this concept is given in the theory of fiber bundles. The underlying manifold 
is considered to be the configuration space and the time. In adiabatic transport 
theory the latter is eliminated but in general it may be considered in the sense of a 
(2 + l)-dimensional field theory. 

The main idea of our investigation consists in encoding the relevant physical 
interaction in characteristics of the underlying manifold. Using one chart per elec- 
tron considered to be clothed by the magnetic field, particle-particle interaction is 
implied in characteristic transition functions. To investigate the local mathematical 
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properties of the transition functions characterized by zeros or nodes, Morse theory 
should be employed. 

An expected quasi-long range order of the macroscopic quantum state seems to 
be reflected by the topology of flux quantization which enables phase transitions 
between quantum liquid and quantum crystal states. 

The quantized Hall conductivity known to be a topological invariant may be 
characterized by the linking number being in general a rational fraction of two 
winding numbers. So our theory confirms the quasi-particle picture of FQHE where 
an even or odd number of flux quanta has been attached to fermions or bosons, 
respectively. 

Recognizing that composite particles behave like dressed charges in a weak mag- 
netic field, one should expect a direct mapping between FQHE and IQHE as a 
problem of further investigation. 

An alternative approach to FQHE theory by edge excitation (see M. Stone in 
0) is recently shown to be compatible to the bulk picture due to Wi +00 as the 
underlying symmetry J7j. 
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